Homework #7, PHY 674, 25 October 1995

Problem X31:

Most elemental (group IV) and compound (III-V and II-VI) semiconductors crystallize in
three different crystal structures: In the diamond structure (with point group O, = O x 1),
the zincblende structure (with point group 7y), and the Wurtzite structure (with point group
Cey). Find how electronic states with angular momentum quantum numbers [ = 0,1,2,3,4
split under the crystal field for each of the three crystal structures. (4 points)

Solution:

The characters of the representations belonging to electronic states with angular momentum
[ have the following form

sin ({ + 10
W (ry = LD gy (1)

sin 5¢

for an even representation belonging to even [ and
sin (l + %) 10

sin %qb

for an odd representation belonging to an odd /.

X (Ry) = % det (Ry) (2)

For the group Oy, we copy the character table from Bouckaert, Smoluchowski, and Wigner
(or Joshua, page 83, or Bassani, page 11), and add the characters for the atomic states
belonging to angular momentum [ according to the formula given above (see Bassani, page

22).

O E 307 6Cy 6Cy 8Ch I 30, 65i 6045 85
Iy 1 1 1 1 1 1 1 1 1 1
I'y 1 -1 -1 1 1 -1 -1 1
I 2 2 0 0 -1 2 2 0 0 -1
I 5 3 -1 1 -1 0 3 -1 1 -1 0
I 3 -1 -1 1 0 3 -1 -1 1 0
I 1 1 1 1 1{-1 -1 -1 -1 -1
I} 1 -1 -1 1|-1 -1 1 1 -1
I 2 2 0 0o —-1|-2 =2 0 0 1
I'y5 3 -1 1 -1 0|-3 1 -1 1 0
I 3 -1 -1 1 0|-3 1 1 -1 0
[=0, even | 1 1 1 1 1 1 1 1 1 1
[=1,0dd | 3 —1 1 -1 0|-3 1 -1 1 0
[=2,even | 5 1 -1 1 -1 5 1 -1 1 -1
[=3,0dd | 7 -1 -1 -1 1] =7 1 1 1 -1
[=4, even | 9 1 1 1 0 9 1 1 1 0

There are a few things worth noting in this table: The primes do NOT distinguish between
the even and odd representations. The even representations are I'y, I'y, I'19, ['j5, and T'j..
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It is not clear which representations carry the prime, but note that the scalar and vector
representations I'y and I'y5 are unprimed.

We can now break up the angular momentum eigenstates into irreducible representations of
the cubic group Oy. The result is (compare Bassani, page 23)

(l=0,even) — I (3)
(I=1,0dd) — I (4)
(I =2,even) — Ty P Ty (5)
(l=3,0dd) — T, &y ® s (6)
(I =4,even) — T @@y @D (7)

Before we go on to do the same for the zinc blende point group Ty, let us look at the
compatibility of representations of Oy and T;. We proceed by deleting all columns in the
character table given above for classes which are not elements of Tj.

Oh, Td E 302 803 654 60‘d
I'y 1 1 1 1 1
Iy 1 1 1 -1 -1
['12 2 2 -1 0 0
I 3 -1 0 1 -1
I, 3 -1 0 -1 1
iy 1 1 1 -1 -1
I 11 1 1 1
I, 2 2 -1 0 0
I'ys 3 -1 0 -1 1
[y 3 -1 0 1 -1

We see that the following characters are compatible. (This table is called the compatibility
table for Oy, and T,.) For completeness, I also include the extra representations here.

O | Ty, T, T, Ty Ty T, T Tos T, Iys g, I TF. Ty If, Ty
1y Iy Iy [y ¥ IFE I's I'7 I's

We now study how states with a given orbital angular momentum [ split in a tetrahedral
crystal field with point group 7;. The following table lists the irreducible characters for T
and the characters of the orbital angular momentum eigenstates. (We note that there is also
a different notation where the representations I';5 and I'y5 are switched. This table follows
the convention of semiconductor physics band structure.)



Ty E 3Cy; 8C5 654 604
Iy 1 1 1 1 1
I'y 1 1 -1 -1
I'y=I3 | 2 2 =1 0 0
I's=1y | 3 -1 0 -1 1
I'ys=T15 | 3 -1 0 1 -1
[=0, even | 1 1 1 1 1
[=1,0dd | 3 -1 0 -1 1
[=2,even | 5 1 -1 -1 1
[=3,0dd | 7 -1 1 1 1
[=4, even | 9 1 0 1 1

We can now break up the angular momentum eigenstates into irreducible representations of
the cubic group T,. (Note that we could also get this result from the compatibility tables.)
The result is

(l=0,even) — I (8)
(I=1,0dd) — I (9)
(l=2even) — TP s (10)
(l=3,0dd) —T1&15E s (11)
(l=4,even) — T @@ s @ (12)

Finally, we have to deal with the Wurtzite structure with point group Cg,. Here is the
character table, including the characters of the orbital angular momentum eigenstates.

Cou E Cy, 205 2Cs 30, 304
Iy = A 1 1 1 1 1 1
'y = Ay 1 1 1 I -1 -1
I's =B [ 1 -1 1 -1
I'y =B [ -1 -1 1
I's = ks 2 2 -1 -1 0 0
I's = E 2 =2 -1 1 0 0
[=0, even | 1 1 1 1 1 1
[=1,0dd | 3 -1 0 2 1 1
[=2,even | 5 1 =1 1 1 1
[=3,0dd | 7 -1 1 -1 1 1
[=4, even | 9 1 0 =2 1 1

We note that it is easy to distinguish between A; (even) and Ay (odd), and also between
E; and FEs, since they have different signs for the two-fold rotation class (one element) and
the six-fold rotation class (2 elements). However, we cannot distinguish between B; and B,
since symmetry cannot tell the difference between the two inequivalent mirror planes parallel
to the six-fold axes. (One of these classes contains the corners of the hexagon, the other one
contains mirror planes perpendicular to the former.)

The orbital angular momentum eigenstates break up into the following crystal-field terms



(see Bethe, 1929, for a similar discussion studying crystal-field splittings with the group Ds):

—_
o

[ =2,even) — A1 & F1 & Ey
(l=3,0dd) - A& B & BB EL B Es
(l=4,even) — A1 @& B1 & B Fy & 2F,

P N N e N S N
_ =
S Ot

—_

In case you were wondering: Why does A; never show up 7 Actually, it comes in for [=6. It
is usually true that for some large [ the representation I'; contains the regular representation
of the point group (which in turn contains all irreducible representations).

Problem X32:

Determine the crystal field splittings for electrons with angular momentum quantum numbers
[=0,1,2,3,4 in the high-temperature superconductor YBayCu30; with orthorhombic point
group Dy, = Dy x 1. Do the same for the tetragonal compound YBayCusOg with point group
Dy, = Dy x 4. (4 points)

Solution:

We have to start with the character table of Dy, (from Tinkham). Note that the subscript ¢
stands for gerade (which is German for even) and u stands for ungerade (which is German for
odd). We add the characters for the orbital angular momentum eigenstates and decompose
them into irreducible characters.

Dy, E C; ) C¥ I o0py 05 0y
A, 1 1 1 1 1 1 1 1
By, 1 I -1 -1 1 I -1 -1
By, [ [ I -1 I -1
Bs, I -1 -1 1 I -1 -1 1
Ay 1 1 1 1|{-1 -1 -1 -1
B, 1 I -1 —-1]|-1 -1 1 1
By, [ I =1|-1 1 -1 1
Bs, I -1 -1 1] -1 1 I -1
[=0, even | 1 1 1 1 1 1 1 1
[=1,0dd | 3 -1 -1 —-1]-3 1 1 1
[=2,even | 5 1 1 1 5 1 1 1
[=3,0dd | 7 -1 -1 —1|-7 1 1 1
[=4, even | 9 1 1 1 9 1 1 1

Here is the result:

(l=0,even) — A, (18)
(I=1,0dd) — By, @ By @ Bsy (19)
(I =2,even) — 24, @ By, @ Bay © Ba, (20)
(l=3,0dd) — Ay & 2By, & 2Ba, & 2Bs, (21)
(l=4,even) — 3A,@ 2B, & 2By, & 2B, (22)
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What is the difference between the A and B representations 7 Now we see that the A
representations is s-like (scalar), whereas the three B representations form a vector (with
the basis functions z, y, and z).

Now we do the same for the group Dyj:

D4h E 204 sz 205 203 1 254 Op QO'U 20‘d
Ay 1 1 1 1 1 1 1 1 1 1
Az 1 1 1 -1 -1 1 1 1 -1 -1
By, 1 -1 1 1 -1 1 -1 1 1 -1
By, 1 -1 1 -1 1 1 -1 1 -1 1
E, 2 0 =2 0 0 2 0 =2 0 0
Ay, 1 1 1 1 l1{i-1r -1 -1 -1 -1
Agy 1 1 1 -1 —-1|-1 -1 -1 1 1
By, 1 -1 1 1 -1 |-1 -1 -1 1
By, 1 -1 1 -1 1] -1 1 -1 1 -1
b, 2 0 =2 0 0] -2 0 2 0 0
[=0, even | 1 1 1 1 1 1 1 1 1 1
[=1,0dd | 3 1 -1 -1 —-1|-3 -1 1 1 1
[=2,even | 5 —1 1 1 1 5 —1 1 1 1
[=3,0dd | 7 -1 -1 -1 —1]|-7 1 1 1 1
[=4, even | 9 1 1 1 1 9 1 1 1 1

(I =0,even) — Ay, (23)
(l=1,0dd) — Az, & E, (24)
( seven) — Ay, @& B, @ By, & E, (25)
(l=3,0dd) — Ay, & Bi, & By & 2E, (26)
(l=4,even) — 241, Ay, & By, & By, 6 2F, (27)

Problem X33:

Find how the 25 + 1-fold degenerate states of an electron with spin quantum number s=1/2
and total angular momentum j=1/2,3/2,5/2,7/2,9/2 split in a cubic field of symmetry O (4
points). Hint: Use the double-group character table in Joshua (p. 76) or Tinkham (p. 77).

Solution:

Let’s start with the character table of the group O. The labelling of the representations
is a problem, as usual. We deal with this issue by deleting all primed representations of
Op. (This is the same as throwing out the bottom half of the character table of O.) This
notation follows Bethe (1929). Next we want to find the extra representations of O. We
know that there are three new classes F, 8C3, and 6C,, therefore there are three extra
representations called I'g, I'7, and I's. The sum of squares of their dimensions is 24 (number
of barred elements), therefore these dimensions are 2, 2, and 4. We take I's to be the
representation with 57 = % and I's to be the one corresponding to j = % (Of course we
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have to make sure that these representations are indeed irreducible by checking the inner
product of the character with itself.) For I';, this leaves two constants to be determined from
orthogonality, the value of the characters at Cy and 5. The parity of the orbital angular
momentum states (with a given [) is obvious, but a total angular momentum j does not
define the parity. We have to consider both cases of parity for each j depending on the
orbital angular momentum [ from which this state is derived. However, since there is no
element with negative determinant in this group, the odd and even representations are the
same. (We can set up these representations using the table in Joshua on page 77.)

0 E 3C? 6C, 6C, 8Cs

3C? 6C, E  6Cy 8Cs
T, 1 1 1 1 1 1 1 1
I, 1 1 -1 -1 1 J R 1
I 2 2 0 0 —1 2 0 —1
I's 3 —1 1 -1 0 3 -1 0
I'ys 3 -1 -1 1 0 3 0 0
I'g 2 0 V2 0 1| =2 —v2 -1
I 2 0 —V2 0 1] =2 V2 -1
I's 4 0 0 0 —1| —4 0
[=0 1 1 1 1 1 1 1
=1 3 -1 1 -1 0 3 1
[=2 5 1 -1 1 -1 5 -1 -1
=3 7T -1 -1 -1 1 7 -1 1
[=4 9 1 1 1 0 9 1
=202 0 V2 0 1| -2 =2 -
j=5]4 0 0 0 —1] —4 0 1
j=351] 6 0 —v2 0 0| -6 V2 0
j==13 0 0 0 1| -8 0 -
j=2110 0 V2 0 —1|-10 —2

The orbital angular momentum eigenstates break up as follows in the crystal field with
symmetry O. We see that these crystal-field terms are just like in the group O, (minus the
primes), but different from the terms in 7. We also break up the total angular momentum
representations:

=0 —1Ty (28)
=1 —TIys (29)
[=2 —Td Dy (30)
[=3 —=Ty®Tisd s (31)
=4 —T1&TdlisE s (32)
j=3 =T (33)
j=32 —=Ts (34)
j=2 —=I:&Tls (35)
j:% — e 7 & Tg (36)
j=2 —Te®m2ls (37)



Problem X34:

Find the double groups, classes, and “extra” irreducible representations for the point groups

Oy, and Tj.
Solution:

For Oy, this is similar to the last problem, but now we have to take into account the inversion
also. There are even and odd extra representations. Compare this table with Table I in Elliot,

Phys. Rev. 96, 280 (1954).

10y, E 3C? 6C4 6C, 8Cs| 130, 654 604 856

3C? 60, 307, 654 E 6Cy8Cs| I 65485
T, 1 1 1 1 1 1 1 1 1 1/ 1 1 1 1 1 1
I, 1 1 -1 -1 1 1 1 —-1-1 1/ 1 =1 1 1 =1 1
I 2 2 0 0 -1 2 2 0 0-1] 2 0 -1 2 0-1
I, 3 -1 1-1 0 3-1 1-1 0 3 1 0 3 1 0
I, 3 -1 -1 1 0 3-1 -1 1 o0 3 -1 0 3 —-1 0
I 1 1 1 1 1] -1 -1 —-1-1 -1 1 1 1 -1 -1 —1
I, 1 1 -1 -1 1 -1-1 1 1 -1 1 =1 1 -1 1 -1
I, 2 2 0 0 -1-2-2 0 0 1] 2 0 -1 -2 0 1
I'ys 3 -1 1-1 0-3 1 -1 1 0o 3 1 0 -3 -1 0
I'ys 3 -1 -1 1 0-3 1 1-1 0 3 -1 0 -3 1 0
I 2 0 V2 0 1] 2 0 V2 0 1] =22 —1] =2 -2 —1
Iy 2 0—/2 0 1] 2 02 0 1 =2 V2 —1| =2 V2 -1
Iy 4 0 0 0 -1l 4 0 0 0-1| -4 0 1 -4 0 1
Iy 2 0 V2 0 1] =2 0-—v2 0 —1] =22 —1| 2 V2 1
Iz 2 02 0 1] =2 0 V2 0 -1] =2 V2 —1| 22 1
I'y 4 0 0 0 -1l -4 0 0 0 1/ -4 0 1 4 0 -1
j=1even|2 0 V2 0 1] 2 0 V2 0 1] -2—V2 -1 =22 -1
j=Yodd|2 0 V2 0 1] -2 0-v2 0 -1 -2—V2 -1 2 V2 1
j=3Z,even[4 0 0 0 -1 4 0 0 0 —4 0 1l -4 0 1
j=20dd|4 0 0 O0-1l-4 0 0 0 1 -4 0 1] 4 0 -1
j=3,even| 6 0—v2 0 0 6 0-—2 0 0 -6 v2 0 -6 V2 0
j=320dd |6 0-—v2 0 0 -6 0 V2 0 0 -6 v2 0 6-—v2 0
j=i,even/8 0 0O 0O 1 8 0 0 0-1 -8 0 -1 -8 0 -1
j=i,0dd{8 0 0 0 1]-8 0 0 0-1]-8 0 -1 8 0 1
j=2 even|l0 0 V2 0 -1/ 10 0 V2 0 1]-10—v2 1/-10—-2 1
j=20dd |10 0 V2 0 —1/-10 0—v2 0 1]-10—v2 1| 10 2 —1

Now we do the same for the group T;. The extra characters I'g, I'7, and I's are constructed
from the extra characters of Oy using the compatibility table (see above). The labelling of
I's and I'7 1s convention. Here is the character table:



T, E 3C, 8Cs; 6S; 6oy

30, 664 | FE 8Cs 654
T, 1 1 1 I 1 1 1 1
I, 1 1 1 -1 =1 1 R
I, =14 2 2 —1 0 0 2 —1 0
I's =T 3 —1 0o -1 1 3 0o -1
Iy =15 3 —1 0 1 -1 3 0 1
Is 2 0 I V2 0| =2 —1 —2
I, 2 0 I —v2 0| =2 —1 V2
I's 4 0 —1 0 0| —4 1 0
j=1 even| 2 0 I V2 0| =2 —1 —2
j=1%,0dd | 2 0 I —v2 0| =2 —1 V2
] = %, even | 4 0 -1 0 0| —4 1 0
j=32,0dd | 4 0 —1 0 0| —4 1 0
j=3,even| 6 0 0 —/2 0] —6 V2
=3,0dd | 6 0 0 V2 0] —6 0 —Vv2
] = %, even | 8§ 0 1 0 0] -8 -1 0
j=1,0dd | 8 0 1 0o 0| -8 — 0
] = %, even | 10 0 -1 V2 0| —10 —V2
j=2,0dd |10 0 —1 —/2 0/|-10 V2

Problem X35:

Find the double groups, classes, and “extra” irreducible representations for the point groups

Dgh and D4h.
Solution:

Let us start with Dy,. We copy the character table from above. How many new classes are
there 7 Well, most symmetry elements are mirror reflections or rotations by 180° which do
not give us new classes. The only new classes are therefore F and I. Therefore, we have only
two extra representations, one even (I'T) and one odd (I'; ). They are both two-dimensional,
since we have eight extra elements. For completeness, let us add the characters of total
angular momentum j (even and odd).



“Dayy, E C; Oy Cy I o, 0. o0 ] ]

c: vy O3 Opy Opz Oy E 1
A, 1 1 1 1 1 1 1 1 1 1
By, 1 1 -1 -1 1 1 -1 -1 1 1
By, 1 -1 1 -1 1 -1 1 -1 1 1
Bs, 1 -1 -1 1 1 -1 -1 1 1 1
Ay 1 1 1 1/ -1 -1 -1 -1 1 -1
B, 1 1 -1 -1 -1 -1 1 1 1 -1
Ba, 1 -1 1 —-1] -1 1 -1 1 1 -1
B3, 1 -1 -1 11 -1 1 1 -1 1 -1
I 2 0 0 0 2 0 0 0] =2 =2
L' 2 0 0 0] —2 0 0 0] —2 2
] = %, even | 2 0 0 0 2 0 0 0| -2 =2
] = %, odd 2 0 0 0] —2 0 0 0] —2 2
) = %, even | 4 0 0 0 4 0 0 0| -4 —4
] = %, odd 4 0 0 0] —4 0 0 0] —4 4
) = g, even | 6 0 0 0 6 0 0 0] -6 —6
] = %, odd 6 0 0 0] —6 0 0 0] —6 6
] = %, even | 8§ 0 0 0 8 0 0 0| -8 =8
] = %, odd 8 0 0 0] —8 0 0 0] —8 8
] = %, even | 10 0 0 0 10 0 0 0| —-10 —10
) = %, odd | 10 0 0 0] —10 0 0 0] —10 10

Next, we study Dyp. There are 16 new elements and 4 new classes. Therefore, we have four
extra representations, two even and two odd. All of them are two-dimensional. There is only
one constant that we have to find, the value of the I' character at 2C,. It will end up in 16
different places in the table (with the different phases). For proper normalization of the T'f
character, this constant has to be /2.



dD4h E 204 sz 205 205/ 1 254 Op QO'U 20‘d

c: Cy CY on o, oq| E 20, I 25,
Ay, 1 I 1 1 1] 1 I 1 1 1] 1 1] 1 1
Ay 1 1 1 -1 —1| 1 1 1 -1 —1] 1 1| 1 1
By, 1 -1 1 1 -1 1 -1 1 1 —1| 1 =1 1 -1
By, 1 -1 1 -1 1| 1 -1 1 -1 1| 1 =1 1 -1
B, 2 0 -2 0 0| 2 0 -2 0 0] 2 0] 2 0
Ay 1 1 1 1 1] -1 -1 -1 -1 —-1| 1 1| -1 -1
Ay 1 1 1 -1 -1 -1 -1 -1 1 1| 1 1| -1 -1
By, 1 -1 1 1 —1| -1 1 -1 -1 1] 1 -—1| -1 1
Ba, 1 -1 1 -1 1| -1 1 -1 1 =1 1 -1 -1 1
B, 2 0 -2 0 0| —2 0 2 0 0] 2 0] —2 0
It 2 V2 0 0 0] 2 V2 0 0 0 -2 =2 =2 =2
Iy 2 V2 0 0 0] =2 =2 0 0 0 -2 V2| 2 V2
It 2 /2 0 0 0] 2 -2 0 0 0 -2 V2| -2 V2
I 2 V2 0 0 0] =2 V2 0 0 0 -2 V2| 2 /2
j=2,even| 2 V2 0 0 0] 2 V2 0 0 0] =2 —V2] =2 =72
=2,0dd | 2 V2 0 0 0] -2 —v2 0 0 0 =2 —v2| 2 2
j=2, even| 4 0 0 0 0| 4 0 0 0 0| —4 0| —4 0
j=2,0dd | 4 0 0 0 0| —4 0 0 0 0| —4 0| 4 0
j=35,even| 6 =2 0 0 0] 6 —2 0 0 0] =6 V2| -6 2
j=2,0dd | 6 =2 0 0 0] =6 V2 0 0 0] =6 V2| 6 —V2
=L even| 8 o 0 0 0| 8 0 0 0 0] -8 0| —8 0
j=121,0dd | 8 0 0 0 0| -8 0 0 0 0] -8 0| 8 0
=%,even|10 V2 0 0 0] 10 V2 0 0 0|-10 —v2|-10 —V?2
j=20dd |10 V2 0 0 0]=10 =2 0 0 0|=10 —v2| 10 2

Problem X36:

Find how the 25 + 1-fold degenerate states of an electron with spin quantum number s=1/2
and total angular momentum j=1/2,3/2,5/2,7/2,9/2 split in a field of symmetry Oy, Ty,
D2h7 D4h-

Solution:

The total angular momentum states (with even and odd parity) break up into irreducible
representations of Oy, as follows. (Actually, we would not even need the character table to
do this. We can derive this from the corresponding rules for O by considering parity.)

(= %,even) — Fg’ (38)
(= %,Odd) — Iy (39)
(= %,even) —If (40)
(j=2,0dd) —Tg (41)
(= g,even) — F}" @ F;’ (42)
(j=2,0dd) —T7a®Ty (43)
(= %,even) —IfaTfold (44)
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(j=5.0dd) —=Tg@ly oly (45)
(= %,even) — I grd (46)
(j=1%5,0dd) —Tg5&20; (47)

Finding the crystal-field terms for Ty (with spin-orbit splitting) is trivial. All we need to do
is take our knowledge for O) and use the compatibility table. Just to make sure, compare
with the character table given above. We note that the even states for a given j break up
just like in the group O, but the odd states may behave differently.

(j = 3.even) — T (48)
(= % odd) —TI's (49)
(j = 3.even) —Ts (50)
(= % odd) — T (51)
(j=3,even) — 7@ Ty (52)
(j= % ven) — s @ 7@ 1s (54)
(= % odd) —Ted 7 ®Ts (55)
(j = §,even) — T's @20 (56)
(j=2%2,0dd) —T7&2l% (57)

For Dy, this is also very simple, since there is only one pair of extra characters (I'f even

and I'; odd). We therefore obtain:

(j = #5t even) — nlY (58)
) —alz (59)

For the group Dy, we find the crystal-field terms by decomposing the characters from the
character table:

(j=1even) —T¢ (60)
(= %,odd) — Iy (61)
(j=2,even) —TE@lf (62)
(j=2,0dd) —Tg @Iz (63)
(j =3,even) — I'f @2rf (64)
(j=23,0dd) —Tg&207 (65)
(j = %,even) —2I¢ @20F (66)
(j=1,0dd) — 205 @2l; (67)
(= %,even) — 30¢ @ 20 (68)
(j=2,0dd) —3Ig @27 (69)

Stefan Zollner, A205 Physics, 294-7327, November 2, 1995.
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